We provide a complete understanding of the rational homology of the space of long links of m strands in R d , when d > 5. First, we construct explicitly a cosimplicial chain complex, L
Introduction
Let B d denote the little d-disks operad, and let s −p be the suspension functor of degree −p. Define the totalization TotL • * to be TotL
the differential being the alternate sum of cofaces. We will show in this introduction that the homology of this totalization can be interpreted by the ∨ m i=1 S 1 -homology of H * (B d ; Q).
Here is our first result, which says that the cosimplicial chain complex L
• * gives a cosimplicial model for the singular chain complex of the space of long links. Let us explain now what we mean by the ∨ m i=1 S 1 -homology of H * (B d ; Q). Let Γ denote the category of finite pointed sets whose morphisms are maps preserving the base point. If X • is a simplicial object in Γ, and if A is a contravariant functor from Γ to chain complexes, then the composite A(X • ) : ∆ −→ Ch * yields a cosimplicial chain complex, and the homology of its totalization, denoted by HH X (A), is called the X-homology of A. Here, the simplicial model (the one we construct at the beginning of Section 4)
• of the wedge of m copies of the circle is viewed as a simplicial object in Γ, while the homology H * (B d ; Q) : Γ −→ Ch * is viewed as a contravariant functor from Γ to chain complexes. Hence, the composite
gives another way to see the cosimplicial chain complex L
• * so that we can set
Now we are going to state the second and the most important result of this paper. Actually, this result solves a conjecture of Munson-Volić. Here is this conjecture. In [10] for the space of long links with m strands in R d collapses at the E 2 page rationally.
Remark 1.5. Our method enables us also to determine the rational homology of the high dimensional analogues of spaces Emb c (
of long links modulo immersions. More precisely, as in the case of long links, we construct an explicit cosimplicial chain complex L n• * and we prove that it gives a cosimplicial model for the singular chain complex of Emb c (
We thus obtain Theorem 5.2, Corollary 5.3 and Proposition 5.4.
Before giving an overview of the proof of Theorem 1.4, we recall some notation. For a cosimplicial chain complex C
• * : ∆ −→ Ch * , we denote by {E r (C • * )} r≥0 the spectral sequence induced by the cosimplicial degree filtration of the total complex associated to C • * . As said before, the homology H * (B d ; Q) : Γ −→ Ch * is viewed as the contravariant functor defined by
where k + is a finite pointed set of cardinal k + 1.
An overview of the proof of Theorem 1.4 The first thing to note is the fact that for each p ≥ 0, we have L
. This is because the finite pointed set (∨ 
Since the vertical differential in the bicomplex associated to the cosimplical chain complex L
• * is trivial (because each H * (B d (mp)) is a chain complex with 0 differential), it follows that the spectral sequence {E r (L • * )} r≥0 collapses at the E 2 page. Moreover, the spectral sequences of (1.1) have the same abutment when d > 5 (by Theorem 1.1 above). Therefore, by the isomorphism (1.1), the spectral sequence {E r (C * (K m• d ; Q))} r≥0 collapses too at the E 2 page. This ends the proof of Theorem 1.4.
The case m = 1 (this case corresponds to the space of long knots (modulo immersions) Emb c (R, R d )) was studied these last years by several authors. Here is a summarize of obtained results. First, Sinha constructs in [13] [14] and Moriya [9] prove independently that the collapsing result still holds for d ≥ 3, and simplify the proof of the main result of [6] . Again for m = 1, the spectral sequence {E r (L • * )} r≥0 is isomorphic from the E 2 page to the homology Bousfield-Kan spectral associated to the Sinha cosimplicial space K • d , therefore our result is a generalization of the above results. Recall other interesting results obtained in the study of the space of long knots. Again, the author [14] and Moriya [9] independently discover the multiplicative formality
This result has two strong consequences: the first one is immediate and says that Sinha's cosimplicial space K
The second one and the most important furnishes a complete understanding of the rational homology of the space of long knots as a Gerstenhaber algebra. In fact, this second consequence states [14, Corollary 1.6] that for d ≥ 4, the isomorphism of vector spaces between the E 2 page and the homology H * (Emb c (R, R d )) of the space of long knots (modulo immersions) respects the Gerstenhaber algebra structure.
Let us state now our last result, which concerns the Poincaré series for the space of long links. In [5] Komawila and Lambrechts study the E 2 page of the cohomology Bousfield-Kan spectral sequence associated to the Munson-Volić cosimplicial space. They show that the coefficients of the associated Euler series have an exponential growth of rate m When m = 1 the upper bound of Theorem 1.6 is equal to 1, and the following theorem, due to Turchin, gives a better upper bound in that case. 
Since the space of m copies of long knots is a retraction up to homotopy of the space of long links, Theorem 1.8 implies that the radius of convergence of the Poincaré series for L Before closing this introduction, we give an overview of the proof of Theorem 1.1. Let us first recall some useful notations and definitions. In [11] , Pirashvili defines a right Γ-module as a contravariant functor from Γ to vector spaces. In this paper, a right Γ-module for us is a contravariant functor from Γ to chain complexes. We denote by Rmod 
where M (see Definition 2.1 below) is the complement of a suitable compact subset of R 2 . According to this weak equivalence, the study of the space of long links is reduced to the study of the space Emb c (M, R d ) of compactly supported embeddings of M into R d . This latter space, without the expression "compactly supported" (that is, the space Emb(M, R d )) was studied in [2] by Arone and Turchin. Using embedding calculus, they show that the chain complex C * Emb(M, R d ) can be expressed in term of morphisms of right modules over the operad C * (B 2 ). In the same paper, they also study the space Emb c (R n , R d ) of comapctlysupported embeddings of R n into R d , and they prove that its chain complex can be expressed in term of morphisms of infinitesimal bimodules over C * (B n ). More exactly, they prove Proposition 2.4 below, which states that there is a weak equivalence (for d > n and k ≤ ∞)
By using the same approach as Arone and Turchin, we prove that a similar result holds for the space
we have (by Proposition 2.8) the following weak equivalence
Applying now the relative formality theorem [7, Theorem 1.4] to (1.2), we get (for d ≥ 5) the following weak equivalence
, we deduce from (1.3), Proposition 2.11, Lemma 3.5 and Proposition 3.4 the following weak equivalence
To end the proof, it suffices to see that the natural map
is an equivalence. This can be deduced from Goodwillie-Weiss embedding calculus [18, 4] .
Outline of the paper In Section 2 we first define a manifold M , and we show (Proposition 2.2) that the study of the space of long links (modulo immersions) is reduced to the study of the space Emb In Section 5 we show (using our approach) that the spectral sequence computing the rational homology of the high dimensional analogues of spaces of long links collapses at the E 2 page.
In Section 6 we show that the radius of convergence of the Poincaré series for the space of long links modulo m copies of the space of long knots tends to zero as m goes to the infinity. This result is obtained from Theorem 1.4 and a theorem of Komawila-Lambrechts [5] . also for his encouragement. I also thank Gregory Arone for Proposition 2.2 (which is a key point in this paper) and for helpful conversations (by emails) that we have had on the first draft of this paper. Obviously, I cannot forget to thank Victor Turchin for explaining infinitesimal bimodules and for suggesting the statement of Proposition 3.4.
A compactly supported version of Goodwillie-Weiss embedding calculus for the space of long links
We introduce this section with a proposition, which allows us to reduce the study of the space L 
To study the rational homology of high dimensional analogues of spaces of long links, we will consider the manifold M n defined by 
is the space of compactly supported embeddings of m copies of R in R d , it follows that it is weakly equivalent to the space of embeddings (with endpoints and tangent vectors at those endpoints fixed on oppposite faces of the cube) modulo immersions of m copies of the interval I in the cube
Moreover, for each 0 ≤ i ≤ m − 1, the subspace of I 2 , which is between K i and K i+1 , is weakly equivalent to I. This ends the proof.
The advantage to work with Emb
m is the fact that one can use the same techniques, which was developed by Arone and Turchin [2] in the study of the space Emb c (R n , R d ). They show that the k-th approximation of Taylor's tower associated to the chain complex
, that is the Taylor tower of the functor V −→ C * (Emb c (V, R d )) can be expressed in term of morphisms between infinitesimal bimodules over the operad C * (B n ). The goal of this section is to show that we obtain similar results (for the Taylor tower of Emb c (M, R d ) ) as them. To state and prove our results, it is easiest to first review what is done in [2] .
Review of the Taylor tower associated to Emb
Here we recall some results of [2] . For more details, the reader can refer there.
Let O(R n ) be the poset of open subsets of R n . Define the category O(R n ) to be the subcategory of O(R n ) whose objects are the complement of compact subsets of R n . Define also the category O k (R n ) to be the subcategory of O(R n ) consisting of disjoint unions U = U 0 ∪ U 1 such that U 0 is the complement of a closed ball, and U 1 is the disjoint union of at most k open balls in R n . By using a "compactly supported" version of Goodwillie-Weiss embedding calculus [17, 4] with the functor
of compactly-supported embeddings, we obtain the following proposition, which says that the k-th approxi- 
Notice that a version of Proposition 2.3 was proved [3] by Boavida de Brito and Weiss (they develop the details of the proof of that proposition). Notice also that Proposition 2.3 admits an algebraic version. Before stating it, we precise that C * X means the normalized singular chain complex of X. This algebraic version is obtained by considering the functor 
Let S n− be the infinitesimal bimodule over the commutative operad, Com, defined by
Here the n dimensional sphere is viewed as the one-point compactification of R n , S n = R n ∪ {∞}, and is pointed at ∞. In the following proposition, the first weak equivalence is proved in [ 
The Taylor tower associated to Emb
The goal here is to show that similar results as those mentioned in Section 2.1 hold for the space Emb c (M, R d ). We will prove these similar results in a more general context. That is, instead of looking at Emb c (M, R d ), we will look at the space Emb c (N, R d ) in which N denotes the complement of a compact subset of R n . Further in Section 3, we will apply (in order to proof Theorem 1. • We define O(N ) to be the subposet of O(N ) whose an object is the complement of a closed ball.
• We define O k (N ) to be the subcategory of O(N ) consisting of U = V ∪ W such that 
Taking the functors
as inputs in Goodwillie-Weiss embedding calculus, we have the following two propositions.
Proposition 2.7. For d > n and k ≤ ∞ there is a weak equivalence
Proof. The proof works exactly in the similar way as that of the first weak equivalence of Proposition 2.3.
Proposition 2.8. For d > n and k ≤ ∞ there is a weak equivalence
Proof. Here the proof also works exactly in the similar way as that of the first equivalence of Proposition 2.4.
Remark 2.9. In Proposition 2.7 we don't have the equivalence
as in Proposition 2.3. This is because sEmb(−, N ) is not weakly equivalent to B n for general N . Obviously, the same remark holds for Proposition 2.8.
Applying now the relative formality theorem [7, Theorem 1.4] (which says that for d ≥ 2n + 1 the inclusion B n ֒→ B d is formal) to Proposition 2.8, we obtain the following proposition.
Proposition 2.10. For d ≥ 2n + 1 and k ≤ ∞, there is a weak equivalence
Proof. The proof is the same as that of [2, Proposition 6.1].
Let N be the one-point compactification of N . That is,
Note that N is pointed at ∞. Define the infinitesimal Com-bimodule N ×− by the formula
The following proposition is proved in the similar way as the second part of Proposition 2.5.
Proposition 2.11. For d ≥ 2n + 1 and k ≤ ∞, there is a weak equivalence
A cosimplicial model for the singular chain complex of the space of long links
The goal of this section is to detail the proof of Theorem 1.1 announced in the introduction. Before doing that, we state some intermediate results. As in Section 2, the ground field in this section is Q.
Let us start with the definition of a right Γ-module.
Definition 3.1.
• We define Γ to be the category of finite pointed sets, the morphisms being the maps preserving the base point.
• A right Γ-module is a contravariant functor from Γ to chain complexes Ch * . Here are two examples of right Γ-modules that we look at in this paper. 
We denote by Rmod
where k + is a finite pointed set of cardinal k + 1, is a right Γ-module.
(ii) Let X be a pointed topological space. The singular chain complex C * (X ×− ) : Γ −→ Ch * defined by
is a right Γ-module.
We are going now to define the cosimplicial chain complex L
• * , which appears in Theorem 1.1. From now and in the rest of this paper, if X • is a simplicial set, we will denote by X its geometric realization. Let
• denote the simplicial model of the wedge ∨ m i=1 S 1 of m copies of the circle, which has a unique 0-simplex and exactly m non degenerate 1-simplices (see the beginning of Section 4 for the construction of that model). This simplicial model is actually a simplicial object in Γ, where the base points are taken to be the 0-simplex and its degeneracies. Hence, we have the functor (∨ m i=1 S 1 ) • : ∆ op −→ Γ, and we can therefore form the composite
∆ −→ Ch * , which yields a cosimplicial chain complex.
Definition 3.3. The cosimplicial chain complex L
• * is defined to be the composite
The following proposition is known to specialists, but its proof is written nowhere in my knowledge.
Proposition 3.4. Let X • : ∆ −→ Γ be a simplicial object in the category Γ. Let A : Γ −→ Ch * be a right Γ-module. Then there is a weak equivalence of chain complexes
Proof. We will work with a field K of characteristic 0. For a set S we denote by K[S] the vector space generated by S, which will be viewed as a chain complex concentrated in degree 0. We begin the proof by showing that there is an isomorphism
of right Γ-modules. To do that, let us consider the pair of functors
It is well known [8, Theorem 14.3] (since the simplicial set X • is countable) that there is an isomorphism
in the category of topological spaces, and we can easily see that this isomorphism induces for each p + ∈ Γ an isomorphism φ p+ :
which is natural in p + . We thus get a natural isomorphism φ :
and therefore, the isomorphism (3.2) holds in the category of right Γ-modules. From this latter isomorphism, we deduce the following one
In the second part of this proof, we are going to show (since the totalization Tot(A(X • )) is weakly equivalent to the homotopy limit of the ∆-diagram A(X • ) in chain complexes) that the right hand side of (3.3) is quasiisomorphism to the homotopy limit of a certain ∆-diagram. From now and in the rest of this proof, the standard simplicial set ∆ p
• will be viewed as a simplicial object in Γ, where the base point of
is taken to be the null morphism. We denote by sΓ the category of simplicial objects in Γ, and by N the Dold-Kan normalization functor. Let us consider the pair of contravariant functors
We want to build a natural weak equivalence between these two functors. So let r + ∈ Γ be a finite pointed set. Then the simplicial structure of X • induces a simplicial structure on hom
we have for each p ≥ 0 the following isomorphism
which implies that
(3.5)
Notice that the isomorphism and the weak equivalence of (3.5) are natural in r + . On the other hand, let W • (r + ) be the simplicial chain complex defined by
Then the associated chain complex is nothing other than the singular chain complex C * (|X ×r • |). Therefore, since the chain complex associated to a simplicial abelian group is quasi-isomorphic to its Dold-Kan normalization, there is a natural quasi-isomorphism
We have just defined a pair of contravariant functors
Γ is a morphism in simplicial sets. It is straightforward to check that α :
This implies (with (3.5) and (3.6)) that there is a quasi-isomorphism
in the category of right Γ-modules. We end the proof with the following summarizing
The following lemma is an immediate consequence of [2, Propostion 3.9], which is a more general statement.
Lemma 3.5. The category of infinitesimal bimodules over the commutative operad is equivalent to the category of right Γ-modules. That is, InfBim
Before starting the proof of Theorem 1.1, let us state the following theorem, which is proved by using Goodwillie-Weiss techniques for embedding calculus [18, 4] .
Theorem 3.6. Let N be the complement of a compact subset of R n . Then, for d > 2n + 1, the natural map
is a quasi-isomorphism.
Remark 3.7. In the case N = M ⊆ R 2 (see Definition 2.1), we have n = 2. We also have the following weak equivalence, which states that the pointed manifold M is weakly equivalent to the wedge of m copies of the circle. That is,
We are now ready to prove Theorem 1.1, which states that the cosimplicial chain complex L 
by Proposition 2.8 with
4 Collapsing of the homology Bousfield-Kan spectral sequence associated to the Munson-Volić cosimplicial model
The goal of this section is to prove Theorem 1.4 announced in the introduction. We begin by giving the simplicial model of the wedge of m copies of the circle. Next we state and prove a crucial Lemma 4.2. We end this section with the proof of Theorem 1.4. As in the previous sections, the ground field here is Q.
Let ∆
1
• denote the simplicial model of the standard 1-simplex ∆ 1 , and let ∂∆ 1
• denote its boundary. Recall that ∆ 1 p is a nondecreasing sequence of length p + 1 on the alphabet {0, 1}. Define the simplicial set S
• to be the quotient
It is clear that S

1
• is a simplicial model of the circle S 1 . Notice that each S 1 p is a finite set pointed at
, and faces and degeneracies preserve the base point. Therefore S
• is a simplicial object in Γ. Define now the simplicial set (∨ m i=1 S 1 ) • to be the wedge of m copies of the simplicial set S
The following proposition is well known in the litterature.
Proof. It is straightforward to check that (∨
Before stating our crucial Lemma 4.2, we recall some notation about spectral sequences. For a cosimplicial chain complex C
• * , the associated total complex admits a natural filtration by the cosimplicial degree. We denote by {E r (C • * )} r≥0 the spectral sequence induced by this filtration. In the rest of this paper, we will denote by K is built in the same spirit as Sinha's cosimplicial model [13] for the space of long knots.
Before 
Proof of Lemma 4.2. Since the diagram
is commutative, it follows that the upper isomorphism holds in the category InfBim Com . Therefore, since an infinitesimal bimodule over Com is the same thing as a right Γ-module (see Lemma 3.5), the same isomorphism (
holds in the category of right Γ-modules. This implies that the isomorphism
by Proposition 4.1 holds in the category of cosimplicial chain complexes, thus completing the proof. We are now ready to prove Theorem 1.4.
Proof of Theorem 1.4. The proof follows from the following three points:
have the same abutment (by Theorem 1.1);
• the spectral sequence {E r (L • * )} r≥0 collapses at the E 2 page (by Lemma 4.3).
High dimensional analogues of spaces of long links
The goal of this short section is show that our method enables us to get the collapsing at the E 2 page of the spectral sequence computing the rational homology of he high dimensional analogues of spaces of long links.
Let us start with a definition.
Definition 5.1. The high dimensional analogues of spaces of long links is the homotopy fiber of the inclusion
and it is denoted by Emb c (
As in the case of long links, let us consider the cosimplicial chain complex
• is the simplicial model (built in the similar way as (∨
S n of m copies of the n dimensional sphere S n . The following theorem says that it gives a cosimplicial model for the singular chain complex S * Emb c (
Theorem 5.2. For d > 2n + 3 there is a weak equivalence
Proof. The proof works exactly in the similar way as that of 
Let us consider now the spectral sequence {E r (L n• * )} r≥0 . It is clear (by Theorem 5.2) that it converges to the homology H * (Emb c (
We prove (exactly as Lemma 4.3 below) that this spectral sequence collapses at the E 2 page.
collapses at the E 2 page rationally.
6 Poincaré series for the space of long links modulo m copies of long knots
The aim of this section is to prove that the radius of convergence, of the Poincaré series for the pair formed by the space of long links and the space of m copies of long knots, tends to 0 as m goes to the infinity. We also state a conjecture followed by a theorem concerning the radius of convergence for that pair. Here, the abreviation H * BKSS means cohomology Bousfield-Kan spectral sequence.
Let us start by defining expressions that appear in the title of the section.
Definition 6.1. Let X be a topological space.
-For k ≥ 0 the kth Betti number , b k (X), of X is the rank of its kth homology group H k (X).
-The Poincaré series of X, denoted by P X [x], is the series
Up to now we have denoted the space of long knots (modulo immersions) by Emb c (R, R d ). For the sake of simplicity, we will denote it here by K. Let K ×m denote the space of m copies of long knots. Recall also the notation L In [5] , Komawila and Lambrechts studied the Euler series of the E 1 page of the H * BKSS associated to the Munson-Volić cosimplicial model (we have seen it in Section 4, and we have denoted it by L d• m ) for the space of long links, and they obtained the following theorem and corollary. Recall that the Euler series associated to a bigraded vector space V = {V p,q } p,q≥0 is defined by
The following corollary gives the Euler series of the pair (L d m , K ×m ). Before stating it, we recall that the pair 
Proof. The proof comes from Theorem 6.3 and the fact that the retraction (up to homotopy)
for an explicit definition of that retraction) holds at the level of cosimplicial models so that we have the following isomorphism of spectral sequences It is clear that the left square of (6.4) commutes. The right square also commutes because of the following ρ(ψ(x, y)) = ρ(i(x) × s(y)) = ρ(i(x)) × ρ(s(y)) because ρ is a morphism of H-spaces = 1 × y because s is a section of ρ = f (x, y). Since dim(H * (K ×m )) grows exponentially (because, by Theorem 17.1 in [16] , the dimension dim(H * (K)) grows exponentially), the Proposition 6.5 follows.
We will make a remark on the Turchin approach and on our approach in proving Proposition 6.5. In the proof of Proposition 6.5 we have seen that the Betti numbers of the pair (L Let us denote by RC(X) the radius of convergence of the Poincaré series for a space X. Specially for the space of long knots, we will denote it by R. We end this section with a conjecture (we believe in that conjecture) and a theorem. 
